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STATISTICS (PAPER-I)

Time Allowed : Three Hours Maximum Marks : 250

QUESTION PAPER SPECIFIC INSTRUCTIONS
(Please read each of the following instructions carefully before attempting questions)

There are EIGHT questions divided in two Sections and printed both in HINDI and
in ENGLISH.

Candidate has to attempt FIVE queéstions in all.

Question Nos. 1 and 5 are compulsory and out of the remaining, THREE are to be attempted
choosing at least ONE question from each Section.

The number of marks carried by each question/part is indicated against it.

Answers must be written in the medium authorized in the Admission Certificate which
must be stated clearly on the cover of this Question-cum-Answer (QCA) Booklet in the
space provided. No marks will be given for answers written in a medium other than the
authorized one.

Assume suitable data, if considered necessary, and indicate the same clearly.
Unless and otherwise indicated, symbols and notations carry their usual standard meaning. -

Attempts of questions shall be counted in sequential order. Unless struck off, attempt of a
question shall be counted even if attempted partly. Any page or portion of the page left blank
in the Question-cum-Answer Booklet must be clearly struck off.

Normal Distribution Table is given in Page No. 9.
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1. (a)

(b)

(c)

()

@Uus—A / SECTION—A

U add T 1 ¥ N uEHifhd N fTwe @ Y E | U aew Anfes €9 ¥ Aed 4 9 n e
Frprera ®1 3R Xy, X, ..., X, F@ T ) % TR g, @ E {max X} w87
A box contains N tickets numbered 1 to N. A boy draws n tickets from the box

randomly. If X;, X, ..., X, be the numbers of tickets drawn, what is
E {max X;}?

IR F Th AEAq AGesh TR 1 WRIHAl 927 FeH 8, a 96 hiog o Hed L qe
1-(1-F)" it miferar siea we B
Let F be a probability distribution function of a discrete random variable.

Prove that the functions F" and 1-(1-F)" are also probability distribution
functions.

aﬁzlﬁmzzammwmﬁ,amﬁw%aﬂéﬁﬁﬁm
2
ReeHT TR T B f(x) = ————, —eo < x <o

m(l+x)

If Z; and Z, be two independent standard normal variables, show that the

A (. : -
distribution of the ratio Z—l is Cauchy with probability density function
2
1
)= e

5 —ee L X < oo
m(l+x“)

sl eees

= 2, 2 W fguw Hifve) gafE | e 1 @\

T Tfiey] o sian & oK I8 3 UTH Bien &1 6 i 3ifteran duifaan teha e i

Consider the probability distribution p(x; 6), x=2,3,4, 5 and 6 =?‘1:, —;-, %
A sample of size 1 is drawn from the population and it is found to be 3. Obtain
the maximum likelihood estimate of 6.

YTRreha §ied p(x; 6), x=2,3,4, 5WH=

X 2 3 4 5
1
p[x; 6= Z) 0:25 0-25 0-25 0-25
1
p(x. 0= 5) 0-30 0-40 0-15 0-15
3
p(x; 8= Z) 0-10 0:30 045 0-15
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10
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(e)

(b)

(c)
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w1 T T Arefes® =X X #, fwe wiedr s9mE %em (pomuf.) f(x; 6), x=0, 1, ..., 5;
e=%,% 2 Fr goh § £ (s 6)%1417{1:&:@%&:%?1%31@111%@%%?{1

HI:G:_%ﬁWﬁWUﬁqqﬂWWHO:Bzé%WﬂW%%QWW%‘:!m

. The

)

Consider a random variable X with p.m.f. f(x; 6), x=0,1, ..., 5; 8 =

N | =
H|W

following table gives e values of f(x; 0). Obtain the best critical region to test

the null hypothesis H, : 0 = % against H; : 0 = % at level of significance o = 3i

10

0

i
32

1

2

3

4

S

2
32

10
32

10
32

i)
32

1

32

1

15

80

1024

1024

1024

270

405

243

1024

1024

1024

n A Sell AW § SFaais] 6l T T GEA1 W 8 hl ekl 91 87

What is the probability of an even number of successes in n independent
Bernoulli trials?

I T M § UIH] ITel Fedl 1 Th Siad @UST| A9 F1d @ 6 9sft oo a1 a1 a1ew o1y
a1 &, TSmehl men =g 500 w5 € a1 T <l ong 9 €, S men ey 2500 W2 # | @l
I F© off T Fr T Fifh e T HIE e A&l @ A

i U W gFH W Tgal H+t e 7E A 7, @iy § et T8 @ @ 6 e
&M 377 ATl ded A1 Aoy TR od @i & |

ST 300 el % A1 AU 5 Aed Seld gY U | Ueh Hew ohl Y Pl 9 =HEAIEH HHG §Y
3T T0 R T JeAl o6 AR AT AT A shl Wi 1 MR o S w7

You bought a box of lightbulbs from a shop. You know that the bulbs are all
either short-life bulbs with a mean life of 500 hours or long-life bulbs with a
mean life of 2500 hours, but you cannot tell which, because there was no label
on the box.

As you have not shopped at this shop before, you initially have no opinion as to
whether you have been sold long-life bulbs or the cheaper alternative.

After approximately 300 hours you find that 5 bulbs are alive. Assuming that
the life of an individual lightbulb has an exponential distribution, how would
you now assess the probability that you bought long-life bulbs?

gt T (0, 1) A 20 FRfos T@AW Wad € F T R A, @ T gesd FH oI
FH-Y-69 8 B N TRhd T = 27

If 20 random numbers are selected independently from the interval (O, 1), what
is the approximate probability that the sum of these numbers is at least 8?
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3. (@) uFIGREH AT (X, Xy, ..., X,) TOHE S&T N1, o2) ¥ forn mn 2, fras 9+t s=a
3T & | WA He L (u, o 2) faflag) asft (1, o2) % fore guize

b LR o 2
aun feoqoft Fifs) o9 foheht & > 0 & ferg
1T1
P{ ZEIXE - >e}

HH HIT T aﬁ:w@aﬁﬁqﬁpiﬁr@ww% ix,- &
i=1

Given a random sample (X;, X,, ..., X,,) from N(u, 6?) with all parameters
unknown. Write down the likelihood function L (i, 62). Show that for all W, o)
1 < 1 < =2 2
L{=¥X;, =) (X; -X)* |2L(, 0°)
niz nici
and comment. Now find for any € >0
1 n
Pil= Y X; —n|>¢
Tl i=1
1 n
and hence establish that — }'X; is a consistent estimator of p. 20
n

i=1

(b) 10 foaifea SISl & g § I AR 7 B 1 Giehed1 61 Figwr, uiest Afwel & T 10%
Hifhdl-&R W AF-faefl U-Siaor =1 a0 Hid §¢ i | (SEm= ikl §ishe Jrvfl

IYART i)
3717 (It )
o 26 |43 'a5 ‘[38 [ "33 | a2 "a0 || 44 .25 | 31
qfgar 47 IR agsE a4 N EeAREas i S an il oo S IS s n RNl Rt

Test the hypothesis of no difference between the ages of 10 married couples
using Mann-Whitney U-test for the sample data at 10% level of significance.
~ (Use normal probability integral table) : 15

Age (in years)
Male 26 14310 851 |38 [1330 142 |40 (44 |25 |31
Female | 47 |48 | 34 |/ 34 | 47 | 35. | 32 | 35 | 30 | 44
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(@)

(b)

(c)

(@)

@ﬁasﬁ%m@awg,x(@ﬁ),mmmﬁ%ﬁmﬁmwm%%,aﬁew

T AT WA T A 0-] A1 Hie faee 2 9 TET ST (o, A), 8 T gd §ed g1 3T
5 wedl % Tk Agioweh Siaeyl i 3fEd T 3-8 T g @ I T e 1 39FT A g 6
T S SR (AR |

The life of an electric bulb, X (in hours), follows the exponential distribution
with mean life %, where 8 (> 0) is an unknown parameter. The prior distribution
ot ¥ has a gamma distribulion (, A) with mean 0'8 and stondard deviation 2.

The average life of a random sample of size 5 bulbs is 3':8 hours. Calculate the
Bayes’ estimate of 6 using the squared error loss function.

@Wm%'w%mwﬁmmﬁwaﬁmﬁw (SPRT) =gead #hifsre, wafeh
HTET 16 2

Derive the sequential probability ratio test (SPRT) for variance of a normal
population when mean is known.

wel fF X 1 s ww R, SEe wEw 6 %1 Us-sciwdw WEA H WAM R gU

-8 nk
) & :
q;(@):ek‘ , &l k wE o W 2, % R =gan wen e sk o R
Let X ~ Poisson (8). Using Rao-Blackwell theorem, obtain a minimum variance

-0 nk
unbiased estimator for y(8) =

, where k is an integer.

w6 (X, } Argfese =) 1 Tk A R, S’ P(X, =n)=1, n=1, 2, .... 1 & Bl b
FH {F,, }, 57 % i 3R SAfraid giar a7
Consider a sequence of random variables {X,}, where F(X, =n)=1,

n=1,2,... Does the sequence of distribution functions {F, } converge to a
distribution function?

Tus—B / SECTION—B

M X, =Y, +Y,, Xy =Y, +Y5, X3 =Y3+Yy, S Y, Y, 1 Y, fugawsth amgf=os
= & q° T Y T I AT I T A (e O @, 1 X 991 X, X H Sgeedry
TuTteR T ehlfsiu |

If X, =Y, +Y,, X, =Y, +Y3, X3 =Y3 +1;, where Yj, Y, and Y; are uncorrelated
random variables and each of which has zero mean and unit standard
deviation, find the multiple correlation coefficient between X; and X5, Xj.

15

20

15

15

10
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(b)

(c)

()

(e)

(@)

af ST Bel AP Q) IR Uy 9 m’y B a0 Vg (o A A F e W) W
19T m % Y& (projections) FHE: [ AT mg &, T ST R Ig = my.

If I'y and m’y be two estimates of the estimable function A’B, and [; and mg are
the projections of [ and m respectively on V; (the column space of coefficient
matrix A), then show that I, =m;.

wifeses atfirreq st ity difee| ewisy & gk @ves Afieread Th s
fireReT 7

Define orthogonal design. Show that randomised block design is an orthogonal
design.

e 5 e e % V&9 Yy, Yo, .., Yn, SRSWOR (I, n) & WTH §U &) =wiisq foh wfcrast
wied g, A Wieg 1 Tein e ST AT ¢ |

In SRSWOR (N, n) resulting in unlabelled observations y;, Y, ..., Yn, Show that
the sample mean 7 is the best linear unbiased estimator of the population
mean.

T =R e whfE BVN (Ug, g, 02, 02, p) § 3T n =3 & 5o Jfdex @1 =
Ao 1+ 2

610
X=|10 6
8 3

10% Hieferai-&R T Sehfeteh GRehed T Hy (| # 1o (86 Ui TRehem™ T Hy tpo=pg
=1 qlE Hif, @y = (8, 5) &

[TTh o= 31 R ¢ F.0.01 =49:5, Foiq,1,2 = 852632

The data matrix for a random sample of size n=3 from a bivariate normal
population BVN (uy, Wo, cf‘, c%, p) is

6 10
X=10 6
8153

Test the null hypothesis Hy:p=p, against H; :p#pg, where ug =(8, 5), at
10% level of significance.
[YOU. are given % F0~10; 2.1 =49. 5, FO-].O; 12 =8 52632]

g % U={,2,.., N ¥mm N R uhfm wwlE # "W &S ={1},
S == T e LR =2 SN LRI Sy = (N, Wi P(S;) o< ji
j=1, 2, .., N% yfest & yem wd fidta svm ol ey aTReherail 1 3 Ao |

Let U={1,2,.., N} be the finite population of size N. Let S ={1},
S;=4i=1, i i+, j=2,.., N-1 and Sy ={N} be the samples with
probabilities P(S;) e j, j=1, 2, ..., N. Find the first- and second-order inclusion
probabilities.
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(b) T B N, F0 bx v i Ggfr Al e ifihedn (BIBD) &1 T A Afgad 1 2wz |
% b2 v.

Let N be the incidence matrix of a BIBD of order bxv. Show that b2z v. 15
(c) W% =R AQRSH M Yy, Yy, Yy O Y, B, Tk #ren o s it €
E(Y)=E(Y,) =8, +6,, E(Y3)=E(Y4) =8, +8; @ V(;)=02,i=1,2,3,4
WTEIeAs e 10 = 1,0, + 1,0, + 130, 1 STeherial 1 Sidse Fepriere |

Consider four random variables Y}, Y,, Y5 and Y, with means and varlances as
follows :

E{Y,) =E(Y,) =6, +8,, E(Y3)=E(Y4)=6; +6; and V(¥;)=02,i=1,2,3,4
Determine the condition of estimability of the parametric function

7. (@ AR XFEA N, @, )TN C T mFR A mx p A ), @ sy
CX ~ N, (Cn, CZC’)
If X follows N, (, £) and C is an m x p matrix with rank m, then show that
CX~N,(Cn, CZC’) 20

() g e 5 o Aberer % T=g TH % foY ew® @ W@iH W4 n2b+v-1 %, SEl
n ol < GE B

Prove that the necessary and sufficient condition for a design to be connected
is n>b+v-1, n being the number of observations. 15

0 "R U = {1, 2; 3, 4, 5, 6} 3™ 6 = TH TIR(HA A T | A T ARHH F1 AER
Sy =(6,-(L2), 53 =R 4,5, so =2 6) s =3 4 6)} &I 7T
P(st-)=l, i=1,2,3,4
4

=0, 3=

Ffdest-afraed el (HTE) Tremifee wd ora: qwnise f6 HTE, ®9R 9m 1 T S0
JThe B

Let U = {1, 2, 3, 4, 5, 6} be a finite population of size 6. Let S; ={s; =(1, 2),
sy =3 4,5), s3=( 2 6), s4 =(3, 4, 6)} be the support of the design. Let

P(sf)=%, i=1,2,3,4
=0, otherwise

Obtain the Horvitz-Thompson estimates (HTE) and hence show that HTE is an
unbiased estimator of the population total. 15
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8. (a) AN TR X=(X;, X5, X;3)" I Wewww Afgaw = &

= O
2=1-2 5 0
0l 0. 2
T HHT 1 ST A FY FoH A7 TEH HeH! U W A YA FeH| F0 GHATE ¢ RreRw F wm
1 TTH I |
Let X =(X;, X,, X3)" has the following covariance matrix :
1 20
y=[-21" 5 0
Q052

Obtain the first three principal components using these values and the
proportion of variations explained by the first two principal components. 20

(b) 3R X, T Xy HHA: (ny x p) T (ny x p) R W@ sfeher A & ok AR X, (=1, 2)
1 fth n; 1 CHEAN T WG A N (4, Z;) W, Wy =p, W, = 3, % e i f5

sz = T2
n

D? yftest AeraHEE i gfesis 2

If X; and X, be independent data matrices of order (n; x p) and (ny % p)
respectively and if the n; rows of X;(i=1, 2) be identically and independently
distributed as Ny, Z;), then for u; =pn, and E; =%,, show that

{p, n—Z]W,\_ﬂﬁn=n1 +n2

M2 p2 o T2(p; n—2) variable, where n=n, +n,

D? denotes sample Mahalanobis distance statistic. 15

(c) ToRHl G WTE AU 2-9eH AR YT % o S0 %, 3-92 a1 4-U2h ST
Tl WG W A gU Al i =ewm gem areht (2°, 22) aiftmern 1 gem i)
Construct (2 o5 %) design with minimum number of replicates achieving

balance over 3-factor and 4-factor interaction effects without confounding any
main effect and 2-factor interaction effect. 15

* K &
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T 924 @Rt / Normal Distribution Table

—Q0

00N O] 020 B0 04 05 0e . 07 081 eu 00
0 5000 5040 5080 5120 5160 5199 .5239 5279 .5319 .5359
{1 5308 5438 5478 5517 .5557 .5596 .5636 .5675 5714 5753
2 5793 5832 5871 5910 5048 . .5087 6026 6064 6103 .6141
3 6179 6217 6255 6293 6331 .6368 .6406 6443 6480 .6517
‘4 6554 6591 6628 6664 6700 6736 6772 6808 .6844 6879
5 6915 .6950 6985 .7019 7054 7088 7123 7157 .7190 .7224
‘s 7257 7291 7324 7357 7389 7422 7454 7486 .7517 .7549
7 7880 7611 7642 7673 7704 7734 7764 7794 7823 .7852
s 7881 7910 7939 7967 .7995 .8023 8051 .8078 .8106 .8133
9 8159 8186 .8212 8238 .8264 8289 .8315 .8340 .8365 .8389

10 8413 8438 8461 8485 8508 .8531 .8554 8577 .8599 .8621
11 8643 8665 8686 8708 8729 .8749 .8770 8790 .8810 .8830
12 8849 8860 .8888 .8907 .8925 .8944 8962 .8980 .8997 .9015
13 9032 9049 0066 .9082 9099 9115 9131 9147 9162 9177
14 ‘9182 9207 9222 9236 9251 .9265 9279 .9202 9306 .9319
15 9332 9345 9357 9370 .9382 9394 9406 9418 9429 .9441
16 0450 0463 0474 0484 9495 9505 9515 9525 9535 .9545
17 o554 9564 9573 9582 9591 9599 9608 .9616 .9625 .9633
18 9641 0649 9656 0664 9671 9678 .9686 9693 .9699 .9706
19 9713 9719 9726 9732 9738 9744 9750 9756 9761 .9767
20 9772 9778 9783 9788 .9793 9798 9803 .9808 .9812 .9817
21 0821 0826 U830 .Yss4 9838 9842 98406 9050 9054 0867
5> 9861 90864 9868 9871 9875 .9878 .9881 9884 .9887  .9890
23 0893 .0895 0898 .9901 .9904 9906 .9909 9911 9913 9916
24 9918 0920 9922 9925 9927 9929 9931 9932 .9934 9936
25 9938 .9940 9941 9943 9945 9946 9948 9949 .9951 9952
o6 0053 9955 9956 9957 .9959 9960 9961 .9962 .9963 .9964
57 0965 9966 0967 .9968 9989 9970 8971 .9972 < .9973 .9974
28 9974 0075 9976 .9977 .9977 9978 9979 .9979 9980 .9981
29 9981 0982 9982 .9983 9984 9984 9985 .9985 9986 .9986
30 0987 0087 9987 9988 9988 9989 .9989 .9989 .9990 .9990
31 0090 9991 .0991 9991 9992 9992 9992 .9992 .9993 .9993
32 9003 9993 .0094 0994 9994 9994 9994 9995 9995 9995
33 0005 U9y .UYg5 999 9998 999G .9996 .0006 0096 .9997
34 0997 9997 0997 0997 9997 .9997 9997 .9997 8997 .9998
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